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Collision  can be Coulomb/Grav  encounter 

• A ‘test’ star approaches a ‘field’ star. 

• An ‘encounter’  (𝜽 < 𝟗𝟎 𝐝𝐞𝐠) with impact parameter b 

takes place over timescale 𝜹𝒕 ~ 𝟐
𝒃

𝒗

• During which the normal force ~ 𝑮𝒎/𝒃𝟐 (𝒎𝟏 = 𝒎𝟐)

• So that  𝜹𝒗~𝟐
𝑮𝒎

𝒃𝟐
𝒃
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From Wiki



Many random encounters 

Number of  encounters /unit time with

impact parameters 𝒃, 𝒃 + 𝒅𝒃
𝒊𝒔 𝒏 𝒗 𝟐𝝅𝒃 𝒅𝒃

The net 𝜮 𝜹𝒗 = 𝟎

• Change  in squared velocity after many encounter →in Diffusion Limit

σ 𝜹𝒗 𝟐 = 𝜟𝒗 𝟐 = 𝑻׬𝒃𝟗𝟎
𝒃𝐦𝐚𝐱 𝟐𝑮𝒎
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The relaxation time 

• The time it takes for 𝜟𝒗 𝟐 ~𝒗𝟐

→

Coulomb Logarithm  Λ =
𝑏max

𝑏90



Plasma vs Gravity 

𝑡𝑝𝑙𝑎𝑠 −
𝑚2𝑣3

8 𝜋 𝐺2𝑒4 𝑛 ln Λ

𝑡𝑔𝑟𝑎𝑣 −
𝑚2𝑣3

8 𝜋 𝐺2𝑚4 𝑛 ln Λ

𝑮𝒎𝟐 −→ 𝒆𝟐

𝐎𝐫, 𝐢𝐧 𝐒𝐈 𝐮𝐧𝐢𝐭𝐬, 𝐺𝑚2 −→
𝑒2

4𝜋𝜖0

𝒃𝐦𝐚𝐱 = 𝐬𝐲𝐬𝐭𝐞𝐦 𝐬𝐢𝐳𝐞

𝒃𝐦𝐚𝐱 = 𝐃𝐞𝐛𝐲𝐞 𝐥𝐞𝐧𝐠𝐭𝐡



Another Derivation  (El-Zant et. al. 2016, 2020)

• Start with power spectrum of density fluctuations 

𝜹 𝒓 = 
𝝆 𝒓 − 𝝆

𝝆

Density contrast  



What is a Power Spectrum? 

• Fourier:  Analyzing fields on different scales 

• Function F periodic in box  L^3 → expand 𝒌𝒊 = 𝒏𝒊
𝟐𝝅

𝑳

Increase L → number modes increases arbitrarily →
continuity  

𝐹 𝒙 =
𝐿

2𝜋

3

න𝐹 𝒌 𝑒−𝑖 𝒌.𝒙 𝑑 𝒌

Power spectrum  ~  𝑭𝟐 Examples in time-freq domains

Cardiogram  →
Periodic Signal 

White noise → Flat

Frequency →

𝑳



From Density to Force fluctuations

• Use Poisson equation

• Stationary, homogeneous 

stochastic process 

→

• Define force fluctuation power              



Fourier Transform → Force Correlation Function

Look up Wiener Khinchine theorem 

𝒗 = න
0

𝑇

𝑭 𝑑𝑡

Force random and ‘stationary’; statistics do not depend on time (CF. extra materiel)



White Noise and Two Body Relaxation

𝒫 =
𝑚

𝜚0
=
1

𝑛
Delta correlation 

→

In diffusion limit 
𝒗𝒕 ≫ 𝝀𝒎𝒂𝒙~𝒃𝒎𝒂𝒙

𝜌 0 𝜌 𝒓 = 𝑚 𝜌0𝛿𝐷 𝒓

[1908.09061] The effect of fluctuating fuzzy axion haloes on 
stellar dynamics: a stochastic model Section 2,1

https://arxiv.org/abs/1908.09061


The two relaxation times are equivalent

• Latter method generalizable to cases where the ‘noise’ is more 
complicated than simple white noise. 

• Examples where fluctuations cannot be described by white noise, but 
are nearly power laws, include  turbulence --- both compressible and 
incompressible. 

• Turns out important for effect of gas fluctuations in galaxies 



Density Fluctuations in Hydro of Galaxy Gas 
(Hydrodynamic simulation of gas driven by exploding stras) 

White noise 
~Stars and dark matter  ≈

≠

≠



Mass Fluctuations and Power Spectra (Hashim et. al. 2023): 

Mass fluctuations

Power Law Spectrum

~𝒌−𝒏𝒑 𝒘𝒊𝒕𝒉 𝒏 ~𝟐 − 𝟑

White noise 



Repeat: From Density to Force fluctuations

• Use Poisson equation

• Stationary, homogeneous 

stochastic process 

→

• Define force fluctuation power              



Relaxation time for power law fluctuations

𝒕𝒓≃
𝒏𝒑𝒗

𝟑

𝟖𝝅𝑮𝟐𝛒𝟎
𝟐𝓟 𝒌𝒎

, , compare with

⟨ 𝚫𝒗 𝟐⟩ =
𝟖𝝅 𝑮𝝆𝟎

𝟐𝓟 𝒌𝒎
𝒏𝒗𝒓

𝑻.

𝒕𝒓≃
𝒏 𝒗𝟑

𝟖𝝅𝑮𝟐𝛒𝟎
𝟐𝒍𝒏 𝚲

El-Zant et. al. (2016) 
1908.09061

https://arxiv.org/pdf/1908.09061


Compare with Observations 



Effect: Mass Migration and Density Reduction 
(Needs a whole lecture or more…)

Mass of galaxy within given rad             Density 



The Relaxation time for density reduction in 
our sample of galaxies 



Final remarks 
• The standard, white noise,  two body relaxation  is ~ same for 

plasma and gravity

• In gravity the idea can be generalized to power law spectra 
appropriate for fully turbulent gas affecting other galactic 
components

• Can explain some properties of galaxies 

• Any interesting analogy in plasma? 



Extra Material 





Derivation of velocity variance from force correlation
1603.00526 appendix B

Random (Gaussian) force:  ensemble average 
can be taken inside intergrals

https://arxiv.org/pdf/1603.00526

